The incompressible Navier-Stokes (NS) equation is known to govern the hydrodynamic limit of essentially any fluid and its rich non-linear structure has critical implications in both mathematics and physics. The employability of the methods of Riemannian geometry to the study of hydrodynamical flows has been previously explored from a purely mathematical perspective. In this work, we propose a bulk metric in (p+2)-dimensions with the construction being such that the induced metric is flat on a timelike r = r c (constant) slice. We then show that the equations of parallel transport for an appropriately defined bulk velocity vector field along its own direction on this manifold when projected onto the flat timelike hypersurface requires the satisfaction of the incompressible NS equation in (p + 1)-dimensions. Additionally, the incompressibility condition of the fluid arises from a vanishing expansion parameter θ, which is known to govern the convergence (or divergence) of a congruence of arbitrary timelike curves on a given manifold. In this approach Einstein's equations do not play any role and this can be regarded as an off-shell description of fluidgravity correspondence. We argue that our metric effectively encapsulates the information of forcing terms in the governing equations as if a free fluid is parallel transported on this curved background. We finally discuss the implications of this interesting observation and its potentiality in helping us to understand hydrodynamical flows in a probable new setting.
Introduction
The non-relativistic fluid flow is dictated by the well-known incompressible Navier-Stokes (NS) equations˙ v + v.∇ v + ∇P − η∇ 2 v = 0 ;
where v is the fluid velocity field, P the fluid pressure and η the kinematic viscosity. The NS equation of fluid dynamics has played a crucial role in both mathematics and physics. The NS differential equation which exhibits a rich non-linear structure has been seen to describe a wide variety of natural phenomena [1] . The subject of hydrodynamics has been studied extensively for centuries now, yet many open ended questions remain to be answered. For instance, a consistent mathematical theory of the phenomenon of turbulence and the existence problems for the smooth solutions of hydrodynamic equations (1.1) of a three-dimensional fluid are still wide open.
A simpler yet a rigorous mathematical model for fluid dynamics is the hydrodynamics of an ideal fluid, i.e., an Euler fluid (described by (1.1) with η = 0). According to Arnold [2] , from the mathematical point of view, "a theory of such a fluid filling a certain domain is nothing but a study of geodesics on the group of diffeomorphisms of the domain that preserve volume elements. The geodesics on this (infinite-dimensional) group are considered with respect to the right-invariant Riemannian metric." From this purely mathematical perspective, the Euler equations of fluid dynamics on a compact n-dimensional manifold M can be regarded as the equation of geodesics on the Lie group S Diff (M) of all diffeomorphisms on the manifold M preserving the volume form V . The description of ideal hydrodynamical flows by means of geodesics of the right-invariant metric allows one to employ the methods of Riemannian geometry to the study of flows.
In our paper, we try to understand to what degree the NS equation (1.1) can have such a manifold interpretation, partially motivated by investigations and advances in the domain of the fluid-gravity correspondence. One of the earliest works regarding this interesting connection between the equations of gravity and hydrodynamics appeared in the doctoral thesis of Damour [3] , wherein there are suggestions of a relation between horizon and fluid dynamics. This work contains an expression now known as the Damour-Navier-Stokes (DNS) equation and is known to govern the geometric data on any null surface. The same equation is also obtained in terms of coordinates adapted to a null surface [4] by projecting the Einstein's equations of motion. Moreover, a corresponding action formulation of the same has been greatly detailed in [5] . A connection in this regard has also been obtained in the membrane paradigm approach by Price and Thorne in [6] . In the AdS/CFT context, it has been shown that the dissipative behaviour of an AdS black hole agrees with the hydrodynamics of the holographically dual CFT. This has been studied extensively and important works in this regard include [7] [8] [9] [10] . More recently in a cut-off surface approach by Bredberg et al. [11] , it has been shown by explicit construction that for every solution of the incompressible NS equation in (p + 1)-dimensions, there is a uniquely associated dual solution of the vacuum Einstein equations in (p + 2)-dimensions. This cut-off surface approach has been applied in various cases, see [12, 13] . For example, it was extended for higher curvature gravity theories [14] [15] [16] [17] [18] as well as for the AdS [19, 20] and dS [21] gravity theories (for other theories, like black branes, see [22] ). Very recently, two of the authors of this paper showed in [13] that an incompressible DNS-like equation can be obtained in the cut-off surface approach. In this case the obtained metric is a solution of Einstein's equations of motion in the presence of a particular type of matter. Also a corresponding relativistic situation has been discussed extensively in [23] . Symmetries of the vacuum Einstein equations have been exploited to develop a formalism for solution generating transformations of the corresponding NS fluid duals in [24] . The fluid description on the Kerr horizon has also been explored extensively in [25] (see [26] for the isolated horizon case). For extensive reviews of the fluid-gravity correspondence, refer to [27] [28] [29] .
In this paper, we present an interesting observation which could help to understand if the fluid-gravity correspondence can serve as a window to view hydrodynamical flows in a new setting. Here we propose a metric which is constructed with the help of the scaling symmetry of the incompressible (D)NS equation 1 . We show that the parallel transport equation of the fluid velocity along its own direction on a timelike hypersurface in a manifold specified by this metric yields (D)NS. The incompressibility condition naturally arises from the vanishing of the expansion parameter corresponding to the fluid velocity vector. It must be noted that our whole approach, as well as the analysis that follows, is completely different from existing works in this direction. Moreover, here we do not need to consider the Einstein's equations of motion explicitly. Therefore this new approach can be regarded as an off-shell description.
Our basic organization of the paper is roughly as follows. In section 2, we begin by first writing down a bulk metric in (p + 2)-dimensions on which we consider the parallel transport of an appropriately defined velocity vector field. We then show that the projection of the parallel transport equations onto a timelike induced hypersurface require that the incompressible fluid dynamical (D)NS equations be satisfied in (p + 1)-dimensions. In section 3, we show that the incompressibility condition of the fluid derives from a vanishing expansion parameter θ when projected onto the same timelike induced hypersurface. The next section is dedicated to show that our proposed metric is inherently curved and a solution of the vacuum Einstein equations of motion. In section 5, we finally discuss the consequences of this interesting observation and how it lends a different perspective in viewing the (D)NS fluid dynamical equation. The order-wise calculations of the projected parallel transport equations and that of the expansion parameter θ is explicitly shown in the appendices A and B.
The notations used throughout the paper are clarified as follows: all lowercase Latin letters denote the bulk spacetime co-ordinate indices and run from a, b = 0, . . . , p + 1. The uppercase Latin letters denote the transverse co-ordinates (i.e., the angular sector of the metric) and they run from A, B = 1, . . . , p. The Greek letters denote the co-ordinates on the flat timelike induced r = r c slice and they run from µ, ν = 0, . . . , p.
Parallel transport to fluid dynamics
In this section, we construct a metric which effectively captures the features of a viscous fluid such that this viscous fluid is equivalently represented by a free fluid parallel transported along its own flow direction on a specific hypersurface in this background. In other words, we want to find an equivalent gravity description such that the metric coefficients encapsulates the information of the forcing terms (the ones arising due to pressure gradient and viscous dissipation) which are acting on a fluid described on a flat space and reinterpreted as if a free fluid is flowing on a curved background. Here we mainly concentrate on a nonrelativistic, viscous fluid whose governing equations is the NS equation (1.1) accompanied by the incompressibility condition.
The metric
To construct the metric, we shall take help of the well known scaling symmetry of the incompressible NS equation (1.1) which we shall briefly state below. Now, if the amplitudes of its solution space (v A , P ) is scaled down by the parameter ǫ:
then the NS equation remains invariant under the above scaling transformation, thus generating a family of solutions parameterized by ǫ from the original solution space. The hydrodynamic scaling of the spatial and time derivatives along with the pair (v A , P ) follows as:
A review of the same can be found in [11] (also see appendix A of [13] for a detailed derivation of the scale invariance of the incompressible DNS equation). Like the method adopted originally in [11] , the hydrodynamic scaling parameter ǫ is taken to be the perturbative parameter in which the metric is expanded and will be a recurrent feature of our analysis.
Here we propose the following metric:
The metric is constructed in such a way that the leading order base metric at O(ǫ 0 ) is in flat Rindler form in (ingoing) Eddington-Finkelstein coordinates and serves as the background metric g
ab . The next metric coefficients appear at O(ǫ 3 ) which acts as a perturbation in the third order in ǫ and we denote it by h (3) ab . The metric construction is such that the induced metric on a timelike induced slice r = r c is flat, i.e.
We also note that the velocity v A (x A , τ ) and pressure P (x A , τ ) fields are independent of the radial coordinate r. We shall observe that the above metric (2.3) correctly incorporates the information of the forcing terms in the NS equation on the r = r c hypersurface through the metric coefficient at O(ǫ 3 ). Therefore the present proposed curved spacetime, on the timelike hypersurface, acts as the gravity dual of the governing non-relativistic fluid equations on flat space. This we shall show below by using the parallel transport equations of a free fluid along its flow direction, projected onto the timelike induced r = r c hypersurface.
Parallel transport and fluid equation
Since the calculation will be done by projecting everything onto the r = r c timelike hypersurface, we first evaluate the projectors, defined by
where n a is the unit normal to the r = r c surface, satisfying n a n a = +1 (spacelike). The projectors corresponding to the leading order background metric are listed as under:
The corresponding contravariant components of the above projectors are listed as follows:
Now, the notion of "straight" paths in a curved space are those curves x a (τ ) for which the tangent vector v a = (dx a /dτ ) should be parallel transported along the same curve. Here we consider that there is no fluid flow along the radial direction. In this case the bulk velocity vector field components are v a = (1, 0, v A ) . Now, parallel transport requires that the directional derivative of v b along v a (i.e. along the its own flow direction) must vanish, i.e. we must have the satisfaction of the following relation:
The projection of (2.8) onto the timelike induced hypersurface r = r c (since we are interested on this surface) yields the relation:
We shall show that the satisfaction of the above equation identically upto O(ǫ 3 ), i.e. upto the order the metric (2.3) is presented, generates the (D)NS fluid dynamical equations. Let us now start expanding Eq. (2.9) for different indices. First setting the free index c = τ in (2.9), we obtain:
We proceed to check whether the right hand side (RHS) of (2.10) vanishes identically order by order in the hydrodynamic expansion parameter ǫ. It is found that (2.10) vanishes identically upto O(ǫ 3 ) and (2.9) is satisfied trivially for c = τ (See appendix A for a detailed order by order calculation). Next, on setting the free index c = A in (2.9), we obtain:
As before, we again proceed to check the RHS of (2.11) order by order in the hydrodynamic expansion parameter ǫ. Here we find that upto order ǫ 2 , it is automatically satisfied, whereas the above expression, at order ǫ 3 , yields
Again, refer to appendix A for a detailed order-wise calculation. So the satisfaction of Eq. (2.9) requires that the above must vanish at this order, i.e.
Now with the identification of the constants a i 's in the metric (2.3) to be: 14) and identifying the (kinematic) viscosity as η = r c , Eq. (2.13) yields:
Note that the above one is the incompressible NS equation. In the next section we shall discuss how one can obtain the incompressibility condition in the gravity dual paradigm in the present setup.
Next if we choose a 1 = 2, a 2 = −2 and a 3 = 1, then Eq. (2.13) reduces to the following form: 16) which is seen to be the incompressible Damour-Navier-Stokes (DNS) equation, a gravity dual of which has been extensively studied recently in [13] . Thus, it is seen that for the metric (2.3), the parallel transport equation when projected onto a timelike induced flat hypersurface (2.9), leads to (D)NS fluid dynamics on this surface. Although as seen from (2.16) again, the incompressibility condition is yet to be obtained, which we shall tackle in the next section.
Expansion parameter and incompressibility
The Raychaudhuri equation governs the convergence (or divergence) of a congruence of arbitrary timelike curves. This is essentially done by determining the expansion parameter θ of the congruence. With the already defined vector field v a = (1, 0, v A ), we define the expansion parameter as
where the projectors h ab are defined as given by (2.5). Now for incompressible flows, we must have a vanishing θ. As before, we proceed to check the right hand side of (3.1) in an order-wise manner in the hydrodynamic expansion parameter ǫ. An explicit calculation shows that except at O(ǫ 2 ), all other orders upto ǫ 3 vanish identically. The O(ǫ 2 ) term in (3.1) is simply ∼ ∂ A v A (see appendix B for an explicit order-wise evaluation of (3.1)). Therefore, to satisfy the vanishing of θ upto order ǫ 3 , we need to impose the following condition:
which is the required incompressibility condition. In the context of fluid dynamics, we speak of incompressible flows when there is no noticeable compression or expansion of the fluid (see [1] ). Therefore, it seems very natural that the incompressibility condition emerges from a vanishing expansion parameter. This is what we have shown in this section.
More about proposed metric
The proposed metric (2.3) is seen to effectively capture the features of an incompressible, viscous fluid such that this (D)NS fluid is equivalently represented by a free fluid parallel transported along its own flow direction on a specific hypersurface in this background, as explicitly detailed in the preceding sections 2 and 3. This metric indeed represents a truly curved manifold as established by the fact that the Riemann curvature tensor is seen to have non-vanishing contributions at O(ǫ 3 ) itself, for example:
Now that the metric is established to be representative of a true curved spacetime, we need to check whether its dynamics is governed by the Einstein field equations. Crucially, the metric (2.3) is a solution to the vacuum Einstein field equations upto O(ǫ 3 ), i.e., upto the order in which the bulk metric is presented. In other words, the Ricci tensor components vanish identically upto O(ǫ 3 ), with non-vanishing contributions arising only at O(ǫ 4 ) and higher. That is all components of the Einstein tensor obey 2) and are nonsingular for finite values of r.
Discussions and Comments
To summarise our calculations, we first construct a bulk metric in (p + 2)-dimensions in which the background g
ab is flat Rindler space onto which a perturbation h
ab , parametererized by the velocity and pressure fields v A (x A , τ ) and P (x A , τ ) of an incompressible fluid, kicks in at the third order in ǫ. Now, on defining a bulk velocity vector field of the form v a = (1, 0, v A ) , we consider the parallel transport of v a along the integral curves to this vector field on the manifold defined by the spacetime metric (2.3) as given by (2.8). Next, we consider the projection of these equations of parallel transport onto the flat timelike induced r = r c slice as shown by (2.9). Crucially, the satisfaction of these projected parallel transport equations identically upto O(ǫ 3 ) (i.e., upto the order the bulk metric is presented) require that the incompressible fluid dynamical (D)NS equations be satisfied at the same order. Interestingly, the incompressibility condition arises from an identically vanishing expansion parameter projected onto the same flat r = r c slice. As far as we know, this way of interpreting the (D)NS fluid equations, in the context of fluid-gravity correspondence, has not been done earlier.
This observation could lend an interesting perspective in our viewpoint of the incompressible Navier-Stokes fluid dynamical equations. Rewriting the incompressible NS equation in the F = ma form:
where the left hand side (LHS) is the usual fluid convective derivative and the RHS contains the forcing terms arising out of pressure gradient and dissipation due to viscosity. On observing the relation obtained in (2.11), it is seen that these forcing terms essentially arise from the evaluation of the Christoffel symbols defined for the metric (2.3) and is a direct consequence of the perturbation h
ab . Thus, if we were to "turn off" this perturbation (i.e., essentially setting a 1 = a 2 = a 3 = 0 in (2.3)), we would essentially obtain a forcing-free fluid. So the picture here is that a viscous, incompressible fluid residing in flat space-time is essentially equivalent to a free fluid residing in a curved space-time manifold defined by a unique choice of the metric (2.3). This seems to be in parallel to the interpretation that an interacting particle with gravitational field in a flat space-time can be equivalently pictured to be a free particle residing in an appropriate curved space-time manifold, which is broadly discussed in [30] (see the discussion in Section 3.3 of this book).
A more ambitious interpretation can be the following. We have noted that our proposed metric correctly accounts for the forcing terms of the (D)NS equation. Therefore the present metric representation can be interpreted as an equivalent theory of the viscous fluid motion. This is similar to the equivalence principle of gravity where an accelerated frame locally mimics gravity. Therefore, to better understand the (D)NS equation and the properties of a viscous fluid, this metric could probably play a major role. Moreover, any calculation (for a free fluid) on this background reflects the effects of forcing terms and one will be able to extract features of a viscous fluid, which may be very hard to obtain directly from the (D)NS itself as it is a highly non-linear equation. Therefore the present analysis can be a complete geometrical description of the (D)NS equation. We take this as a suggestive interpretation, rather than a conclusive one. In addition to that, it may be noted that in our present analysis Einstein's equations do not play any role which were the main input in all earlier interpretations [8] - [26] of (D)NS as dual to a gravitational theory. Hence we designate this approach as an off-shell fluid-gravity duality scenario.
An important question worth asking is whether the above calculations hint at a manifold interpretation of the incompressible (D)NS fluid equations. In other words, can the (D)NS equations of fluid dynamics be regarded as the equation of geodesics on the Lie group S Diff (M) of all diffeomorphisms on the manifold M defined by the metric (2.3). There may an important future aspect of our result. Since we interpreted the (D)NS equation as free parallel transport equation (geodesics) of a fluid on a curved background, probably it can be a path to obtain the action representation of (D)NS equation. The idea is similar to the writing of an action of a free particle on a curved background which, in turn, is identical to a particle interacting with gravity. We leave such discussions open and up for careful consideration.
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Appendices
A Evaluation of the projected parallel transport equations (2.10) - (2.11) upto ǫ 3 order
In order to explicitly evaluate Eq. (2.10) and Eq. (2.11) for the bulk metric defined by (2.3), we first find the non-vanishing Christoffel symbols upto ǫ 3 order. These are as listed as follows. ab at O(ǫ 0 ), the non-zero Christoffel symbols are:
For the perturbation h (3) ab that kicks in at O(ǫ 3 ), the sole non-zero Christoffel symbol is:
Keeping in mind the scaling of the partial derivatives as given in (2.2) and using (A.1) along with (A.2), we first evaluate the projected parallel transport equation with the free index assuming the time variable τ , i.e., Eq. (2.10) order by order in the hydrodynamic expansion parameter ǫ: 
(A.10)
So the satisfaction of Eq. (2.9) identically upto all orders in ǫ requires that the above (A.10) must vanish at this order, which consequently leads to the fluid dynamical equations as discussed extensively in section 2.2.
B Evaluation of the expansion parameter θ (3.1) upto ǫ 3 order
As before, we proceed to explicitly check the right hand side of (3.1) in an order-wise manner in the hydrodynamic expansion parameter ǫ: Thus, the vanishing of the expansion parameter θ as defined in (3.1) identically upto all orders in ǫ requires that the quantity in (B.3) must vanish at this order, which happens to be the incompressibility condition for the fluid flow, as discussed extensively in section 3.
